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Partial Derivatives of Repeated Eigenvalues
and Their Eigenvectors

Uwe Prellsxand Michael I. Friswellf
University of Wales, Swansea SA2 8 PP, Wales, United Kingdom

The analysis of inverse problems in linear modeling often require the sensitivities of the eigenvalues and eigenvec-
tors. The calculation of these sensitivities is mathematically related to the corresponding partial derivatives, which
do not exist for any parameterization. Inasmuch as eigenvalues and eigenvectors are coupled by the constitutional
equation of the general eigenvalue problem, their derivatives are coupled, too. Conditions on the parameterization
are derived and formulated as theorems, which ensure the existence of the partial derivatives of the eigenvalues
and eigenvectors with respect to these parameters. The application of the theorems is demonstrated by examples.

I. Introduction

ANY engineering optimization problems, for instance, opti-

mal designor model updating, lead to a sensitivityanalysisof
the eigenvalue problem. In the case of distinct eigenvalues, the par-
tial derivatives of the eigenvalues and eigenvectors with respectto a
prechosen parametrization can be calculated. The situation is more
complicated in the case of multiple eigenvalues because the associ-
ated subbasis of eigenvectors is only defined up to an arbitrary or-
thonormal matrix. This case has been the subject of many studies in
the recent years (see, for instance, Refs. 1-13). As demonstrated by
HaugandRousselet? the (Frechet)derivativesof the multiple eigen-
values do not exist, in general, for any parametrization in the case
of more than one parameter. They suggest the use of the directional
(Gateaux)derivatives, which exist for some directions. The question
of which parametrization is permissable to ensure the existence of
the partial derivatives of the eigenvalues and eigenvectors has not
beendiscussed. A remark on thatissue is the purposeof this paper. In
Sec. II the problem of calculating the partial derivatives of repeated
eigenvalues and the partial derivatives of the corresponding eigen-
vectors is recalled. Conditions on the existence of the partial deriva-
tives of the eigenvaluesand eigenvectorsare investigatedin Sec. 111,
accompanied by simple two-dimensionalexamples. To demonstrate
the application of the theorems derived, in the fourth section an ex-
ample of a three-dimensionalelastomechanicalmodel is presented.

II. Recalling the Problem
Consider the general eigenvalue problem

AXA= BX E]RNXN (D
with the normalization of the eigenvectors
XTAX = Iy (2)
Both equations are equivalent to
A= (XXT)-! (3)
B = (XA XxT)-! 4)

with the real-valued symmetric and positive definite Ny, N ma-
trices 4 and B and the diagonal matrix A of the eigenvalues
A,i = 1,..., N. If A= A(q) and B= B(q) are given functions
of the parameter vector ¢ =S _ R such that for each ¢ =S de-
compositions (3) and (4) 5 A(%) and B(q) exist, then, of Course,

Received Dec. 5, 1996; revision received April 21, 1997; accepted for
publication April 22, 1997. Copyright 997 by the American Institute of
Aeronautics and Astronautics, Inc. All ts reserved.

*Senior Research Assistant, Department of Mechanical Engineering,
University College of Swansea, Singleton Park. E-mail: u.prells@swansea.
ac.uk.

fSenior Lecturer, Department of Mechanical Engineering, University Col-
lege of Swansea, Singleton Park. E-mail: m.i.friswell@swansea.ac.uk.

1363

the eigenvectors and eigenvalues will depend on q. If at parameter
vector ¢ the first n « N eigenvaluesare equal, i.e.,

L1, 0
0 T
then the primary partition X; ed]RNx” of the matrix of eigenvec-
e

tors X(¢°)=[X;, X»] is defined only up to postmultiplication by
an n y, n orthogonal matrix ®. Indeed, from Egs. (3) and (4), sub-

stituting X; __, X, © gives
X(@) AN XT()
N LU 01-'1e1T 0
- qo O IN _n O F O IN _n
For some parameterizationsthis redundancy can be used to ensure
the existenceof'the partialderivativesofthe eigenvaluesat ¢°. Partial

differentiationof Egs. (3) and (4) with respect to the rth component
g of qleads to

A(q”)Z[ (%)

® o
O I}V_n

oT
0

0

X(¢)XT(q) = X(l]”)[ I

] XT(q") (6)

] XT(q) (7)

®)
©)

where the subscript r denotes the partial derivative with respect to
¢, and the matrix Z, is defined by

= XT4,X= _(Z,+ZT
A '

RB= XTB, X=_(AZ, _A,+ZTN

X.(9= X@Z(p. y=1L...m (10)
Note that Egs. (8) and (9) imply that, forallr = 1,..., m,
A symmetric P symmetric (11
B symmetric =B, symmetric (12)
Using Eq. (8) to eliminate ZT in Eq. (9) leads to
[Z; A1+ A, = B_ﬂ\:: C (13)
where the commutator product is defined by
[4;B]:= AB _BA (14)
Considering only the diagonal of Eq. (8) leads to
(Zr)diag = —%(ﬂdiag (15)

Inserting this result into the diagonal of Eq. (9), A, can be calcu-
lated, yielding

A_r = (B)diag —(%)diag = (@diag

(16)
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This can be done for all » = 1,...,m and also at ¢ = ¢°. The
problem is that, at ¢ = ¢°, Eq. (13) requires the first n X" diagonal
block é of

Q) = [ g g (17
to be diagonalforallr = 1, ..., m, ie.,

é = XT[B,(¢) —£A4,(¢)] X, = diagonal \y=1,....m
(18)

Only if Eq. (18) holds can the associated part of A, be understood
as the correspondingpartial derivative. Note that, at ¢ = ¢°, except
the first 1 v, n diagonal block Z!! of Z,, the first partial derivative
of the eigenvectorscan be calculated from Eq. (13). Partitioning of
Z,.(¢°) according to the partition of A(q’) in Eq. (5) and of @(q”)
in Eq. (17),

zh z?
Z,(q) = [Z:” Z:”] (19)
and using Eq. (13) leads to
27 = (T Ly _»)~ (20)
Z'= (T _ely_)~ ¢ 2D

andfor N _n>1

(ZZZ = (éq)’]

)., T i,

where ¥, = (I');;. The expression in Eq. (22) is equivalent to the
coefficients of the standard series approach for nonrepeated eigen-
values. Note that the diagonalof Z!! and of Z?* is given by Eq. (15).
To calculate the off-diagonalpart (Z')orr of Z!! the second partial
derivativesof the eigenvalueproblemare needed. Here the subscript
off denotes a matrix with a zero diagonal.

Differentiating Eqs. (8) and (9) with respect to ¢, yields

L gfl- Nony (22)

ﬁ = XTA,, X

= _(Z,4+2T)_ZT A— A (23)
XTB,, X
(AZ + NZoy A,y + ZT A+ ZTA,)

=
ii

_ZT R 24)
where accordingto Eq. (10)
Xr s = X(ZrZr + Zr.x) (25)

Again using Eq. (8) to eliminate ZT and ZT leads to

A=Z, +ZD+Z; A+ A4 (20

RB=—AZ +ZTN+ A+ 20+ AR
+1Z; A+ 125 B 27)
Inserting Z T from Eq. (26) into Eq. (27) and using Eq. (13) finally
yields
0 = B— AN AC— AC
=[Zo N+Zs A+ 12 @+ A (28)

On the right-hand side of this equation the diagonal of the first
commutator vanishes at ¢ = ¢° and the diagonal of the second
commutator is zero because A ; is diagonal. Only the off-diagonal
elementsof Z!!, r = 1, ..., m, are unknown. But this block does
not occur in the diagonal of the last commutator on the right-hand

side of Eq. (28). That can be verified by recalling that with reference
to Eq. (18) the first diagonal block of Gis diagonal, i.e.,

é-l =A! (29)

with the first partition A' of the eigenvalue derivatives given by
AL 0 ]

A, = " 30

_ [ 0 A (30)

Only the off-diagonal blocks of the last commutator depend on
Z!!. Thus, the second partial derivatives of the eigenvalues can be
calculated from the diagonal of Eq. (28), yielding

A = (Qr)aae
(Z2C =2 e 0
0 (Z E =27 +][Z2% €D
(31)

It remains to derive conditions that enable the calculation of the
unknown off-diagonalof Z!!. Because the first partitionof Eq. (28)
does not depend on Z, it can be used to calculate (Z!)op, i.e.,

(0,5 = [(Z) s ASJ+[(ZD s A1+ (22 ¢ — €2

(32)
For distinct eigenvalue derivatives, Eq. (32) allows the calculation
of (Z") i using, for instance, the diagonalr = s, which yields with
referenceto Eq. (21) for i 7’ k:

1y _ 1 11 _

(z!), = m[ ! _zé(r_ﬂ,\,_,,) é‘],»k (33)
Of course, the consistency of Eq. (32) with this result has to be
checked for the remaining equations resulting from r = s because
the coupling of the sensitivities of the eigenvalues and €igenvectors
means that their existence is coupled, too. In the following section,
conditions for the existence of the first partial derivatives will be
inferred and their continuity is investigated.

III. Existence of Eigenvalue
and Eigenvector Sensitivities
A. Two Theorems on the Existence of the Partial Derivatives
of Repeated Eigenvalues
As already pointed out, the eigenvectors related to the multiple
eigenvalues,in general,are not unique. In some cases it is possibleto
choose the orthonormal matrix ® in such a way that it diagonalizes

the matrices ¢~ for allr = 1,..., m. Thus, the existence of the
partial derivatives of the eigenvalues depends on the choice of the
parameterization.

Theorem 1. A necessary and sufficient condition of the existence
of the partial derivatives of A at q° is that

[C:¢1=°

From basic algebra (for further reading see, for instance, Refs. 14—
16) it is clear that for two matrices having the same orthonormal
eigenvectors the commutator vanishes. On the other hand, if the
commutator of two matrices vanishes they have the same diagonal-
izing matrix. If both matricesare symmetric[see Egs. (11)and (12)],
the diagonalizing matrix is orthonormal. The fact that there exist a
maximum # linearly independentcommutating X" matrices leads
to the following theorem.

Theorem?2: Denoting cs( () the n?-dimensional vector contain-
ing the sequence of the colimn vectors of ¢, then a necessary
conditionfor the exsistenceof the first partialdetivativeof the eigen-
valuesat g = ¢’ is

rank([cs(é),ul,cs(éj’)]) <n (35)

The conditions of Theorems 1 and 2 enable a given parameteriza-
tion to be tested. If either theorem is violated, further computations

v,s:l,“‘,m (34)
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are in vain because the derivatives will not exist at ¢ = ¢°. More-
over, if the parameterization is permissible in the specified sense,
at ¢ = ¢ the eigenvalues and eigenvectors and their first partial
derivatives are continuous if A4(q) and B(q) and their first deriva-
tives are continuous. As a consequence of the continuity of the first
partialderivatives,the order of differentiationwithin the second par-
tial derivatives is arbitrary. Interchangingr __, s, for example, in

Eq. (28) and using B=Ras well as A= ﬂlead to
0= 01— Qs

=2 — Zors A+ 125 A 23 A1+ (25 ¢
_1Z: @+ A — A

=Zes = Zrs N+ 12 A —[Z5 A1 + 125125 Al
+Z AT =[Z5 1 Zs A =1 Z05 AT+ Ay — A

=2y —Z s N+ A — A 25125 A
+1Z512,; All (36)

where for Gand ~the corresponding left-hand sides of Eq. (13)
have been mserted. Tnterchangingthe arguments in the last commu-
tator of Eq. (36) and using the Bianci identity

[A[B;Cl1+ [B;[C; Al +[C;[4; B]] = 0 (37)
to rewrite the last two commutators in Eq. (36) yields

(Zis —Zsy —_[Z; Z; N+ Ay — Ay, =0 (38)

In general, this equation holds if
Ars= A, (39)
Zis 2 =25 Z] (40)

The first equation expresses the arbitrariness of the order of differ-
entiation of the eigenvalues and is equivalent with the continuity of
their first partial derivative. The second equation is, with reference
to Eq. (25), equivalent with the continuity of the first partial deriva-
tives of the eigenvectors. Before corresponding conditions for the
existence of the partial derivative of the eigenvectors will be de-
rived the following academical example of Seyranian et al.!® (see
also Ref. 7, p. 158) shows that not for any parameterizationdo the
partial derivatives of the eigenvalues exist.

For the example with a linear parameterization, let A = L, and
for g= (g1, q2) T, let

20
01q1+

which leads to the repeated eigenvalue 1 = A, = A, at ¢ = 0.
Theorem 2 does hold in this case because

2 0
0 1

rank 0 1 =2=n (42)
1 0

Checking Theorem 1 by using C="B= B, leadsto

seor=[[ [0 e

Thus, the given parameterization(41) is not permissible. Indeed, the
calculation of the eigenvalues leads to

Mg =1+3q +w(Q (44)

w(q) = \,qu/Q)2 +4; (45)

B(qg) = I
(@) 2+ 10

0 1
]qz (41)

where

The first partial derivatives are

oA 31 I (¢
— == — 46
dq 2 (O) 4w (4q2) (46)
and the second partial derivatives turn out to be
’A 1 3
2L | qlqj] (47)
0qoqT 4w lqiqy _gj

Obviously the limits of the derivativesas q __, 0 do not exist.

B. Two Theorems on the Existence of the Partial Derivatives
of Eigenvectors

Although it is popular (see, for instance, Ref. 5 or 9) to use the
diagonalr = s of Eq. (32) only to calculate (Z!!), it may be that
this solution violates the remaining equations resulting from r = s.
Thus, it remains to investigate Eq. (32) and to assure its consistency.
It is sufficient to show that the system of equations

(Gr)on = [(Z!D) g3 AT+ [(Z1D) s AL

off?

= (2, A, ZALZ , + (2 AL AL (Z,,
Vs = I,...,m (48)

has unique solutions (Z!!) o, r = 1, . .., m, for given diagonal ma-
trices A!, having distinct elements, i.e., A, XAirri o k, for
i,k Eil, ...,mforeachr = 1, ..., m. The mdtrix G, if Eq. (48)
represents all kiown terms of Eq. (32), i.e.,

(er)off = (eri)off —(Zrlz é + ézZSzl)off (49)

where Z!2 and Z*! are known from Egs. (20) and (21). Because the
diagonal part of Eq. (48) is identically zero it represents a coupled
system of n(n _1) equations. Writing one equation for the element
Zitrs Of G5 inrow i and column k, where i = k fori, k € 1,..., nl
and denotingthe correspondingelementof Z!! by z, Eq.i48) read

8ilrs = ()'i\r —)'1'.5)21'1(" + ()'I\r —)'i.r)Ziks (50)

2

Expanding this equation to m” equations resulting from r, s =

1,...,m, leadsto

8ikll  wua iklm

Zikm1 wun Zikmm
=

Zik1
= ()»1‘1 _)-1_1, e, )‘k.m _).Lm) + hikZ,I 6,Rmxm
= —= -
Zikm =: h"}:
=
— (51)

Because the right-hand side of this equation is symmetric, the left-
hand side has to be symmetric, too. Moreover, the ranks of both
sides have to be the same, which is equivalentto the condition

rank( @) = rank(z; h] + hyz]) (52)
Of course, Eq. (51) has a unique solution only if
Nik @ Nu=0 (53)
where the symmetric matrix N, is the orthogonalprojector (see, for
instance, Ref. 17) into the (m _1)-dimensional orthogonalcomple-
ment of the one-dimensional subspace spanned by hy, i.e.,
Ny = L, _ Py (54

where

Py = —— (55)
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is the orthogonal projector into the subspace spanned by hyx ER’"
To see this, one can multiply Eq. (51) by h;, yielding

@hik Zik”hikllz + hyz] by,

= (|}l A + b D 2 (56)
For Uh,k 0, the matrix on the right-hand side of Eq. (56) is non-
singlilar. The unique solution of Eq. (56) is given by

Zik

”h,k”‘ ( ”h’k”Z "= h’khl—) @h’k
1 1P h
||hik||z( "=2 "k) G" (57)

Of course, in general this solution is not a solution of Eq. (51).
Inserting z;, from Eq. (57) into Eq. (51) yields

G= (Im_éP,»k)QP,H Bk@(lm_gﬂk)
= Qpik"' Pik@—Pik@Pik (58)

The latter equation is equivalent to

0= @_@Pik_})ik@+ PikQPik:MkQMk (59)

Summarizing what has been said in this section leads to the
following.
Theorem 3: Necessary conditions for the existence of a unique

solution of Eq. (51) are
@ = G’ (60)

rank( @) SQ (61)

Moreover, Eq. (32) is consistent with the result given in Eq. (33) if
and only if

N,»k@N,»k:O V'7’k, i,ke{l,ul,
where g and Nj are defined in Egs. (51-55).

Of codrse, this theorem leads to restrictionson the given parame-
terization. Inserting the expressions given in Egs. (20) and (21) into
Eq. (49), and using Eq. (28) with partitions for and for

correspondingto that of Z, and Cdeﬁned il qs I‘Tglnd (17),
respectively, yields

Gu= P L — AN, — AN, _ FTDE _ FTDE

(63)

o (62)

where D := (I _€Iy_,)~". Consideringthe element in row i and
column k of Eq. (63) leads to

8ikrs = bier —Eaier —_ aiks)'k.r —Ajkr )'i\r —_— c,'IDckr‘ —_— C;I,—Dcks
(64)

where bj, s, ditr s, and ay, denoting the elements in the ith row and

in the kth column of the matrices and , respectively,
and ¢;, is the 7ith column vector of ¢ Ti mg Eq 4) for all rows
r = 1,..., mand for all columns v = 1 , m yields
birn1 e Diim Ajf11 wen Qikim
@ = : : _L
bikml - bikmm Aikm1 wen Qikmm
= = - = = ol
= Dji A:k
At ch
—| ¢ ..., i) —ax (T _| - |DC; _CTDC;
Bl - cl
cm =:a.
= = 'I o =)

—

(65)

Obviously, the matrices are symmetric for all i k
1, ..., nY. Thus, the first oFthe necessary conditions of eorem§
oes hold? Although Eq. (65) is related to Eq. (53) via by, = f, _£;,
neither the rank condition nor the sufficient condition formulated
in Theorem 3 does necessarily hold for any parameterization. Even
in the case of a linear parameterization of the matrix B, Eq. (65)
becomes

= _CJIDC; _CTDCy (66)

which may be of rank m > 2 for some i  k, i, k e}
The sufficient condition formulated in Theorem 3 sho check d
numerically rather than analytically. The analytical expression of
how the projector Ny actson ¢ is rather difficult. A better insight
can be achieved by translating#he effect of N;;, on G, rather than

. Of course, in the light of Eq. (53) the effect of N;; on @ is
relatd to the effect of the projector Py:

0= Mk@Mk: @_@Pik_})ik@+ Pik@Pik (67)
Considering only the element in row r and in column s of Eq. (67)
and expanding this expression for all i 7’ k 6{1’ R n}leads to

0=(Gr)or — H ([ S AL ]+ [Ss AL+ H o[[T5 AL ]; AL
(68)
where ~ denotes the Hadamard product, which is the component-

wise product of two matrices having the same size,!” and

m

S, = Z[ o3 AL (69)

m

T = Z[A_{Y;Sj] (70)
m _1
(H)i = [ Zﬂu _2,»_r)2] (71)

This leads to the formulation of the following theorem.
Theorem 4. Equation (32) is consistent with the result given in
Eq. (33) if and only if
(er)off =H O([Sr, [\_1,4] + [S;, Aly] + H O[[T, Al,], Alr])
(72)
,s=1,...,m, where S,, T, and H are defined in Egs. (69-71).
Of course, Theorem 3 is equivalent to Theorem 4 but for a nu-
merical check either one of them may be used. Before a three-
dimensional example is presented (in the next section), the follow-
ing academicalexample of a nonlinear parameterizationshows that,
though the partial derivatives of the eigenvalues exist, the partial
derivatives of the eigenvectors do not exist in general.

For the example with a nonlinear parameterization,let A= I, and
define B(q) with q E]Rz by

1 0 0 _¢
Bi = L 73
(q) 2+, 2]41+ 1]42 (73)
which leadsat ¢ = OtoeigenvaluesA; = A, = 1. A briefcalculation

shows

RPN .

0 0
é‘: B: B,=A,= [0 1] (75)

Thus, due to Theorems 1 and 2, the partial derivatives of the eigen-
values exist. To check Theorem 3 or 4, one has to calculate the
following quantities:

@ = B.l.l =0= Qll (76)
ﬂ = @ = B.1.2 =0= le = Q21 (77)

0 2
@ =B;,=0x»n= _[2 O] (78)
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A brief calculationshows that ¢z = 0 for all but one pair of indices
(i, k) = (1, 2), yielding
=_2 00 79
G = 01 (79)
On the other hand,
Aot — A 1
h, = ’ = 80
¥ ( = (80)
and, therefore,
No = I Ifr 1] _ 171 a1
PRl 1 T2l 1)

Finally, to check Theorem 3, one has to calculate
N Ny = If1 _17[o0 o011 _1 -
p@M ==t 0 o 1|l 1 (82)

-t 0 83
B P 7 (83)
Thus, the partial derivativesof the eigenvectorsdo not exist. A direct

calculation by using the diagonal [see Eq. (33)] without checking
the consistency would lead to the incorrect results

Z,=0 (34)
0 1
Z, = [ | o] (85)

In the next section, a three-dimensionalexample is investigated
concerning permissible linear parameterizations.

IV. Example

To demonstrate the application of the theorems, the spring-mass
model depicted in Fig. 1, which corresponds to the example pre-
sented by Friswell,’ is used. The mass matrix

(86)

Ny

Il
[ R
S B~ O
—_ o O

is assumed to be constant and the stiffness matrix is parameterized
by

B(q) = el qi+ 8erelqy+ esel ¢;

= Bl = Bz = Bg
+2(er —_er)(er —e) Tqy + 2(e; _es)(es _es) Tys
= —= —~ = —= —~
= B4 = B5
+ (e _e)(e_e)Tgs (87)
- = -
= BG

which corresponds (see Fig. 1) to

(ki, ke, ks, K, ks, ke) = (g1, 842, g3, 244, 2q5, q6) (88)

.
m3 k ~
: 3 >
N
\/ \\
O~
>
\\‘t

Fig.1 Simple discrete three-degree-of-freedom model.

Table 1 Generators of the symmetric dyads of (7

@ &) &) ¢ 6 €

a 0 —a 2a 2a 2a
b _8b b 4b _4b 0
2¢ 8¢ 2¢ 2¢ _2c 0

Table2 Upper off-diagonal elements of the
skew-symmetric commutators:
[(:'1; (:'1] ERZX 2 for tuples (r, s) with r<s

(r,s) (¢ ¢V ab (r,s) [ ¢V ab
0

(1,2) 32/3 (2,6)

(1,3) _l (3,4) 2
(1,4) 10/3 (3,5) _10/3
(1,5) ) (3,6) 2
(1,6) i) 4,5) 32/3
(2,3) 323 (4,6) _16
(2,4) _256/3 (5,6) 16
2,5) 256/3

At ¢ = (0,1,0, 1,1, )T, a repeated eigenvalue 4, = A, = 4
occurs. The associated eigenvectors are

xx=a (LO,_DT  x=>5(L_LDT (89

The remaining eigenvalue is A; = 1 with the eigenvector
x=c (21T (90)

The normalization constantsare @ := 1/ 2, b:=1/ 6,and ¢ :=
1/ 12. Because A does not depend on parameteg) C= g
andbecause all submatrices B, are symmetric generated by a single
vector, each Calso is symmetric and generated by one vector only.
The generating vectors are listed in Table 1. For example,

= (a, b, 2c)Ta, b, 2¢) 91

To check Theorems 1 and 2, the matrices R2x? have to
be calculated for all =1, ..., 6. They are g€nerated by the two-
dimensional vectors containingthe first two components of the gen-
erators listed in Table 1, for instance,

@‘ = (a, b) M(a, b) 92
Theorem 2 yields
at> 0 a? 1 1 2
ab 0 _ab 4dab _4ab O
nk =4>2=
B L ap 0 _ab dab _4ab 0 "

b> 8b* b? 8h2 82 0

93)

Thus, the partial derivatives of the eigenvalues will not exist for
the complete parameterization as defined by Eq. (87). To answer
the question of a permissible parameterization Theorem 1 has to
be checked. This requires the calculation of 15 commutators. The
resulting matrices are skew symmetric. The corresponding upper
off-diagonal elements are listed in Table 2 for all r < s. Of the six
matrices only the two correspondingto parameters ¢, and ¢ com-
mute. Thus, an orthogonal matrix ® E]Rz x2 will only exist for the
parameterization

1 _1 0
B(g,q)=2]_1 2 _l1
0 1 1

8ere g+ (e —es)(e —es) Tg,

(94)

where the parameters have been changed accordingto (g2, ¢s) _,
(91, ¢2)- Usingthis new parameterizationto calculatethe firstderiva-
tive of the eigenvalues from Eq. (13) at ¢, = ¢, = 0 it turned out
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that é is already diagonal,i.e., ® = L. The eigenvaluederivatives
are

on 2% 00
—=Zlo20 (95)
N 00 1

2 0 0
S—A:ooo (96)
2 19 0 o

Becausethe inertiamatrix 4 doesnotdependonthe parametersfrom
Eq. (8), it follows that Z, is skew symmetric and, thus, (Z,);; = 0
forr = 1,2and fori = 1, ..., N. Equations (20) and (21) lead to

(Z)=0 =12 (97)
(Z1)23 = $be (98)
(Z2)3=0 (99)

To determine the off-diagonalpart of (Z,)1,, Eq. (32) can be used.
For the example considered here, Q,, and _Aare zero and Eq. (32)
is consistent with the result

(Z)n=0 v =12 (100)
The result X, = XZ, = 0 means that a first-order approximation
change in the stiffness k¢ do not affect the eigenvectors.

Using Eq. (31) to calculate the second derivatives of the eigen-
values this particular example leads to

(Arg)ii = ([@ Z))ii (101)
which yields
00 O
52_1\ = 16 1 0 (102)
2= 07
o4 00 _l

All other derivatives turned out to be zero.

To compare these results with those presented by Friswell,’ the
derivatives of the eigenvalues and eigenvectors with respect to pa-
rameter 6 will be calculated, where
(103)

7n=30_3
=0 (104)

Atgr=¢, =1 ¢:ﬁ: 1 the operators of the partial differentiation
are related via

o 30 @
L_22,. 2 105
30~ 230 g (105)

* 9 N

P Za—qf * 0¢10¢, * 5_q§ (100

Using the first operator equation together with Eqgs. (95) and (96)
leads to

2 0 0
Ap=1]0 2 0 (107)
0 0 1
From Eq. (102) the second operator equation yields
4 00 0
Nogo= 3 01 0 (108)
0 0 1

To calculate the derivatives of the eigenvectors with respect to 6 at
6 = 1, the operator in Eq. (105) leads to

3 0 _2b/3 2¢/3
X_Q:EXZl: 0 _»hl3 _23 (109)
0 _2b/3 2¢/3

The results given by Friswell’ match the results in Egs. (107-109).

V. Conclusions

The existence of the derivatives of eigenvalues is investigated.
In the case of multiple eigenvalues, the partial derivatives do not
exist for any parameterization. Two conditions are deduced, which
enablea given parameterizationto be tested to determine its permiss-
ability. For any continuous permissible parameterization, the partial
derivatives of the eigenvaluesand eigenvectorsare continuous, too.
The application of the theorems presented has been demonstrated
by examples. In preparation is a method to calculate the partial
derivatives of repeated eigenvalues independent of the existence of
eigenvectors.
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