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Partial Derivatives of Repeated Eigenvalues
and Their Eigenvectors

Uwe Prells¤ and Michael I. Friswell ²

University of Wales, Swansea SA2 8PP, Wales, United Kingdom

The analysisof inverse problems in linear modeling often require the sensitivities of the eigenvalues and eigenvec-

tors. The calculation of these sensitivities is mathematically related to the corresponding partial derivatives, which
do not exist for any parameterization. Inasmuch as eigenvalues and eigenvectors are coupled by the constitutional

equation of the general eigenvalue problem, their derivatives are coupled, too. Conditions on the parameterization
are derived and formulated as theorems, which ensure the existence of the partial derivatives of the eigenvalues

and eigenvectors with respect to these parameters. The application of the theorems is demonstrated by examples.

I. Introduction

M ANY engineering optimization problems, for instance, opti-
mal designormodel updating,lead to a sensitivityanalysisof

the eigenvalue problem. In the case of distinct eigenvalues, the par-
tial derivativesof the eigenvaluesand eigenvectorswith respect to a
prechosen parametrization can be calculated.The situation is more
complicated in the case of multiple eigenvaluesbecause the associ-
ated subbasis of eigenvectors is only de® ned up to an arbitrary or-
thonormal matrix. This case has been the subject of many studies in
the recent years (see, for instance, Refs. 1±13). As demonstratedby
HaugandRousselet,8 the (FrÂechet)derivativesof the multipleeigen-
values do not exist, in general, for any parametrization in the case
of more than one parameter.They suggest the use of the directional
(Gateaux)derivatives,which exist for some directions.The question
of which parametrization is permissable to ensure the existence of
the partial derivatives of the eigenvalues and eigenvectors has not
beendiscussed.A remark on that issue is thepurposeof thispaper.In
Sec. II the problem of calculating the partial derivativesof repeated
eigenvalues and the partial derivatives of the corresponding eigen-
vectors is recalled.Conditionson the existenceof the partial deriva-
tives of the eigenvaluesand eigenvectorsare investigatedin Sec. III,
accompaniedby simple two-dimensionalexamples.To demonstrate
the application of the theorems derived, in the fourth section an ex-
ample of a three-dimensionalelastomechanicalmodel is presented.

II. Recalling the Problem
Consider the general eigenvalue problem

AX K = B X 2 N £ N (1)

with the normalization of the eigenvectors

X > AX = IN (2)

Both equations are equivalent to

A = (X X > ) ¡ 1 (3)

B = (X K ¡ 1 X > ) ¡ 1 (4)

with the real-valued symmetric and positive de® nite N £ N ma-
trices A and B and the diagonal matrix K of the eigenvalues
k i , i = 1, . . . , N . If A = A(q) and B = B(q) are given functions
of the parameter vector q 2 ½ m such that for each q 2 de-
compositions (3) and (4) of A(q) and B(q) exist, then, of course,
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the eigenvectors and eigenvalues will depend on q. If at parameter
vector qo the ® rst n · N eigenvalues are equal, i.e.,

K (qo) = [ Ìn 0

0 C ] (5)

then the primary partition X1 2 N £ n of the matrix of eigenvec-
tors X (qo) = [X1 , X2] is de® ned only up to postmultiplication by
an n £ n orthogonal matrix H . Indeed, from Eqs. (3) and (4), sub-
stituting X1 ! X1 H gives

X (qo)X > (qo) = X (qo) [ H 0

0 IN ¡ n] [ H > 0

0 IN ¡ n] X > (qo) (6)

X (qo) K ¡ 1(qo)X > (qo)

= X (qo) [ H 0

0 IN ¡ n] [ Ìn 0

0 C ]
¡ 1

[ H > 0

0 IN ¡ n] X > (qo) (7)

For some parameterizations this redundancy can be used to ensure
theexistenceof thepartialderivativesof theeigenvaluesat qo . Partial
differentiationof Eqs. (3) and (4) with respect to the r th component
qr of q leads to

Ar := X > A,r X = ¡ (Zr + Z >
r

) (8)

Br := X > B,r X = ¡ ( K Zr ¡ K ,r + Z >
r K ) (9)

where the subscript r denotes the partial derivative with respect to
qr and the matrix Zr is de® ned by

X ,r (q) = X (q)Zr (q), 8 r = 1, . . . , m (10)

Note that Eqs. (8) and (9) imply that, for all r = 1, . . . , m,

Ar symmetric , A,r symmetric (11)

Br symmetric , B,r symmetric (12)

Using Eq. (8) to eliminate Z >r in Eq. (9) leads to

[Zr ; K ] + K ,r = Br ¡ Ar K =: Cr (13)

where the commutator product is de® ned by

[A; B] := AB ¡ B A (14)

Considering only the diagonal of Eq. (8) leads to

(Zr )diag = ¡ 1
2
(Ar )diag (15)

Inserting this result into the diagonal of Eq. (9), K ,r can be calcu-
lated, yielding

K ,r = (Br )diag ¡ (Ar K )diag = (Cr )diag (16)
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This can be done for all r = 1, . . . , m and also at q = qo . The
problem is that, at q = qo , Eq. (13) requires the ® rst n £ n diagonal
block C11

r of

Cr (q
o) = [C11

r C12
r

C21
r C22

r
] (17)

to be diagonal for all r = 1, . . . , m, i.e.,

C11
r := X >

1 [B,r (q
o) ¡ `A,r (qo)]X1 = diagonal 8 r = 1, . . . , m

(18)

Only if Eq. (18) holds can the associated part of K ,r be understood
as the correspondingpartial derivative.Note that, at q = qo, except
the ® rst n £ n diagonal block Z 11

r of Zr , the ® rst partial derivative
of the eigenvectorscan be calculated from Eq. (13). Partitioning of
Zr (q

o) according to the partition of K (qo) in Eq. (5) and of Cr (q
o)

in Eq. (17),

Zr (q
o) = [ Z11

r Z 12
r

Z21
r Z 22

r
] (19)

and using Eq. (13) leads to

Z 12
r = C12

r ( C ¡ ÌN ¡ n) ¡ 1 (20)

Z21
r = ¡ ( C ¡ ÌN ¡ n ) ¡ 1C21

r (21)

and for N ¡ n > 1

( Z 22
r

)
i j =

(C22
r

)
i j

c j ¡ c i

, i 6= j, i, j 2 f 1, . . . , N ¡ n g (22)

where c i = ( C )ii . The expression in Eq. (22) is equivalent to the
coef® cients of the standard series approach for nonrepeated eigen-
values.Note that the diagonalof Z 11

r and of Z 22
r is given by Eq. (15).

To calculate the off-diagonal part (Z 11
r )off of Z11

r the second partial
derivativesof the eigenvalueproblemare needed.Here the subscript
off denotes a matrix with a zero diagonal.

Differentiating Eqs. (8) and (9) with respect to qs yields

Ars := X > A,r,s X

= ¡ ( Zr,s + Z >
r,s

) ¡ Z >
s Ar ¡ Ar Zs (23)

Br s := X > B,r,s X

= ¡ ( K , s Zr + K Zr,s ¡ K ,r,s + Z >
r,s K + Z >

r K ,s
)

¡ Z >
s Br ¡ Br Zs (24)

where according to Eq. (10)

X ,r,s = X (Z s Zr + Zr,s ) (25)

Again using Eq. (8) to eliminate Z >
r and Z >

s leads to

Ars = ¡ ( Zr,s + Z >
r, s

) + [Zs; Ar ] + AsAr (26)

Brs = ¡ ( K Zr,s + Z >
r,s K ) + K ,r,s + Ar K ,s + AsBr

+ [Zr ; K , s] + [Zs ;Br ] (27)

Inserting Z >
r,s from Eq. (26) into Eq. (27) and using Eq. (13) ® nally

yields

Qrs := Brs ¡ Ar s K ¡ AsCr ¡ ArCs

= [Zr,s ; K ] + [Zr ; K ,s] + [Z s;Cr ] + K ,r,s (28)

On the right-hand side of this equation the diagonal of the ® rst
commutator vanishes at q = qo and the diagonal of the second
commutator is zero because K ,s is diagonal. Only the off-diagonal
elements of Z11

r , r = 1, . . . , m, are unknown. But this block does
not occur in the diagonal of the last commutator on the right-hand

side of Eq. (28).That can be veri® ed by recalling that with reference
to Eq. (18) the ® rst diagonal block of Cr is diagonal, i.e.,

C11
r = K 1

,r (29)

with the ® rst partition K 1
,r of the eigenvalue derivatives given by

K ,r = [ K 1
,r 0

0 K 2
,r
] (30)

Only the off-diagonal blocks of the last commutator depend on
Z 11

s . Thus, the second partial derivatives of the eigenvalues can be
calculated from the diagonal of Eq. (28), yielding

K ,r,s = (Qrs)diag

¡ é
ë
( Z 12

s C21
r ¡ C12

r Z21
s

)
diag

0

0 ( Z 21
s C12

r ¡ C21
r Z 12

s + [Z22
s ; C22

r ])diag

ù
û

(31)

It remains to derive conditions that enable the calculation of the
unknown off-diagonalof Z11

r . Because the ® rst partitionof Eq. (28)
does not depend on Zr,s it can be used to calculate (Z11

r )off , i.e.,

( Q11
r s

)
off = [( Z 11

r
)

off
; K 1

, s]+ [( Z11
s

)
off

; K 1
,r]+ (Z 12

s C21
r ¡ C12

r Z 21
s

)
off

(32)

For distinct eigenvalue derivatives, Eq. (32) allows the calculation
of (Z 11

r )off using, for instance, the diagonalr = s, which yieldswith
reference to Eq. (21) for i 6= k:

(Z 11
r

)
ik =

1

2( k k,r ¡ k i,r )
[Q11

rr ¡ 2C12
r ( C ¡ ÌN ¡ n ) ¡ 1C21

r ]ik
(33)

Of course, the consistency of Eq. (32) with this result has to be
checked for the remaining equations resulting from r 6= s because
the coupling of the sensitivitiesof the eigenvaluesand eigenvectors
means that their existence is coupled, too. In the following section,
conditions for the existence of the ® rst partial derivatives will be
inferred and their continuity is investigated.

III. Existence of Eigenvalue
and Eigenvector Sensitivities

A. Two Theorems on the Existence of the Partial Derivatives
of Repeated Eigenvalues

As already pointed out, the eigenvectors related to the multiple
eigenvalues,in general,are notunique.In some cases it is possibleto
choose the orthonormal matrix H in such a way that it diagonalizes
the matrices C11

r for all r = 1, . . . , m. Thus, the existence of the
partial derivatives of the eigenvalues depends on the choice of the
parameterization.

Theorem 1: A necessary and suf® cient condition of the existence
of the partial derivatives of K at qo is that

[C11
r ;C11

s ] = 0 8 r, s = 1, . . . , m (34)

From basic algebra (for further reading see, for instance, Refs. 14±
16) it is clear that for two matrices having the same orthonormal
eigenvectors the commutator vanishes. On the other hand, if the
commutator of two matrices vanishes they have the same diagonal-
izingmatrix. If both matricesare symmetric [seeEqs. (11)and (12)],
the diagonalizing matrix is orthonormal. The fact that there exist a
maximum n linearly independentcommutatingn £ n matrices leads
to the following theorem.

Theorem 2: Denoting cs(C11
r ) the n2-dimensional vector contain-

ing the sequence of the column vectors of C11
r , then a necessary

conditionfor the exsistenceof the ® rst partialderivativeof the eigen-
values at q = qo is

rank([cs(C11
1

) , . . . , cs(C11
m

)]) ·n (35)

The conditions of Theorems 1 and 2 enable a given parameteriza-
tion to be tested. If either theorem is violated, further computations
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are in vain because the derivatives will not exist at q = qo . More-
over, if the parameterization is permissible in the speci® ed sense,
at q = qo the eigenvalues and eigenvectors and their ® rst partial
derivatives are continuous if A(q) and B(q) and their ® rst deriva-
tives are continuous.As a consequenceof the continuity of the ® rst
partialderivatives,the orderof differentiationwithin the secondpar-
tial derivatives is arbitrary. Interchanging r $ s, for example, in
Eq. (28) and using Brs = Bsr as well as Ars = Asr lead to

0 = Qrs ¡ Qsr

= [Zr,s ¡ Zs,r ; K ] + [Zr ; K , s] ¡ [Z s; K ,r ] + [Z s;Cr ]

¡ [Zr ; Cs] + K ,r,s ¡ K ,s,r

= [Zr,s ¡ Zs,r ; K ] + [Zr ; K , s] ¡ [Z s; K ,r ] + [Z s; [Zr ; K ]]

+ [Zs; K ,r ] ¡ [Zr ; [Zs ; K ]] ¡ [Zr ; K ,s ] + K ,r,s ¡ K ,s,r

= [Zr,s ¡ Zs,r ; K ] + K ,r,s ¡ K ,s,r ¡ [Zr ; [Zs; K ]]

+ [Zs; [Zr ; K ]] (36)

where for Cr and Cs the corresponding left-hand sides of Eq. (13)
have been inserted. Interchangingthe arguments in the last commu-
tator of Eq. (36) and using the Bianci identity

[A; [B; C]] + [B; [C ; A]] + [C; [A; B]] = 0 (37)

to rewrite the last two commutators in Eq. (36) yields

[Zr,s ¡ Zs,r ¡ [Zr ; Zs ]; K ] + K ,r, s ¡ K , s,r = 0 (38)

In general, this equation holds if

K ,r,s = K ,s,r (39)

Zr,s ¡ Zs,r = [Zr ; Z s] (40)

The ® rst equation expresses the arbitrariness of the order of differ-
entiation of the eigenvalues and is equivalent with the continuity of
their ® rst partial derivative. The second equation is, with reference
to Eq. (25), equivalentwith the continuity of the ® rst partial deriva-
tives of the eigenvectors. Before corresponding conditions for the
existence of the partial derivative of the eigenvectors will be de-
rived the following academical example of Seyranian et al.13 (see
also Ref. 7, p. 158) shows that not for any parameterizationdo the
partial derivatives of the eigenvalues exist.

For the example with a linear parameterization, let A = I2 , and
for q = (q1 , q2) > , let

B(q) := I2 + [2 0

0 1] q1 + [0 1

1 0] q2 (41)

which leads to the repeated eigenvalue 1 = k 1 = k 2 at q = 0.
Theorem 2 does hold in this case because

rank
æ
çççè

é
êêêë

2 0

0 1

0 1

1 0

ù úúúû

ö
÷÷÷ø

= 2 = n (42)

Checking Theorem 1 by using Cr = Br = B,r leads to

[B1; B2] = [[2 0

0 1] ; [0 1

1 0]] = [ 0 1

¡ 1 0] 6= 0 (43)

Thus, the given parameterization(41) is not permissible.Indeed, the
calculation of the eigenvalues leads to

k (q) = 1 + 3
2
q1 §w (q) (44)

where

w(q) := Ï (q1/ 2)2 + q2
2 (45)

The ® rst partial derivatives are

@k

@q
=

3

2 ( 1

0) §
1

4w ( q1

4q2) (46)

and the second partial derivatives turn out to be

@2 k

@q@q > = §
1

4w [ ¡ q2
2 q1q2

q1q2 ¡ q2
1
] (47)

Obviously the limits of the derivatives as q ! 0 do not exist.

B. Two Theorems on the Existence of the Partial Derivatives
of Eigenvectors

Although it is popular (see, for instance, Ref. 5 or 9) to use the
diagonal r = s of Eq. (32) only to calculate (Z 11

r )off, it may be that
this solution violates the remaining equations resulting from r 6= s.
Thus, it remains to investigateEq. (32) and to assure its consistency.
It is suf® cient to show that the system of equations

(Grs )off = [( Z11
r

)
off

; K 1
,s] + [( Z11

s
)

off
; K 1

,r]

= ( Z 11
r

)
off

K 1
,s ¡ K 1

,s
( Z 11

r
)

off + ( Z 11
s

)
off

K 1
,r ¡ K 1

,r
( Z 11

s
)

off

8 r, s = 1, . . . , m (48)

has unique solutions (Z 11
r )off, r = 1, . . . , m , for given diagonal ma-

trices K 1
,r , having distinct elements, i.e., k i,r 6= k k,r , i 6= k, for

i, k 2 f 1, . . . , n g for each r = 1, . . . , m. The matrix Grs in Eq. (48)
represents all known terms of Eq. (32), i.e.,

(Grs )off := ( Q11
r s

)
off ¡ ( Z 12

s C21
r + C12

r Z 21
s

)
off

(49)

where Z12
s and Z21

s are known from Eqs. (20) and (21). Because the
diagonal part of Eq. (48) is identically zero it represents a coupled
system of n(n ¡ 1) equations.Writing one equation for the element
gi kr s of Grs in row i and column k, where i 6= k for i, k 2 f 1, . . . , n g
and denotingthe correspondingelement of Z 11

r by zikr Eq. (48) reads

gi kr s = ( k k,s ¡ k i,s)zikr + ( k k ,r ¡ k i,r )zi ks (50)

Expanding this equation to m2 equations resulting from r, s =
1, . . . , m, leads to

é
êêë

gik11 ¢ ¢ ¢ gi k1m

...
. . .

...

gi km1 ¢ ¢ ¢ gikmm

ù úúû, & ( *
=: Gik

=
æ
ççè

zik1

...

zi km

ö
÷÷ø, & ( *

=: zik

( k k ,1 ¡ k i, 1, . . . , k k ,m ¡ k i,m)
, & ( *

= : h >
ik

+ hik z>ik 2 m £ m

(51)

Because the right-hand side of this equation is symmetric, the left-
hand side has to be symmetric, too. Moreover, the ranks of both
sides have to be the same, which is equivalent to the condition

rank(Gik ) = rank(zi kh >
ik + hik z >

i k
) (52)

Of course, Eq. (51) has a unique solution only if

NikGik Nik = 0 (53)

where the symmetricmatrix Nik is the orthogonalprojector(see, for
instance,Ref. 17) into the (m ¡ 1)-dimensionalorthogonalcomple-
ment of the one-dimensional subspace spanned by hi k , i.e.,

Nik := Im ¡ Pi k (54)

where

Pik :=
hi kh >

ik

k hi k k 2
(55)
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is the orthogonalprojector into the subspace spanned by hik 2 m .
To see this, one can multiply Eq. (51) by hi k , yielding

Gik hi k = zik k hik k 2 + hi kz >ik hi k

= ( k hik k 2 Im + hik h >ik )zik (56)

For k hi k k 6= 0, the matrix on the right-hand side of Eq. (56) is non-
singular. The unique solution of Eq. (56) is given by

zi k =
1

k hik k 4 ( k hi k k 2 Im ¡
1

2
hi kh >

ik) Gi khik

=
1

k hik k 2 ( Im ¡
1

2
Pik) Gi khik

(57)

Of course, in general this solution is not a solution of Eq. (51).
Inserting zik from Eq. (57) into Eq. (51) yields

Gik = ( Im ¡ 1
2

Pik
)Gi k Pik + PikGik ( Im ¡ 1

2
Pi k

)

= Gi k Pik + PikGik ¡ PikGik Pi k (58)

The latter equation is equivalent to

0 = Gik ¡ Gik Pik ¡ Pi kGi k + Pi kGi k Pik = Ni kGi k Ni k (59)

Summarizing what has been said in this section leads to the
following.

Theorem 3: Necessary conditions for the existence of a unique
solution of Eq. (51) are

Gi k = G>
i k (60)

rank(Gik ) ·2 (61)

Moreover, Eq. (32) is consistent with the result given in Eq. (33) if
and only if

NikGik Nik = 0 8 i 6= k, i, k 2 f 1, . . . , n g (62)

where Gik and Ni k are de® ned in Eqs. (51±55).
Of course, this theorem leads to restrictionson the given parame-

terization. Inserting the expressionsgiven in Eqs. (20) and (21) into
Eq. (49), and using Eq. (28) with partitions for Ars , Brs , Ar , and for

Br correspondingto that of Zr and Cr de® ned in Eqs. (19) and (17),
respectively, yields

Grs = B11
rs ¡ `A11

r s ¡ A11
s K 1

,r ¡ A11
r K 1

,s ¡ C21 >
s DC21

r ¡ C21 >
r DC21

s

(63)

where D := ( C ¡ ÌN ¡ n ) ¡ 1 . Considering the element in row i and
column k of Eq. (63) leads to

gi kr s = bikr s ¡ àikr s ¡ ai ks k k,r ¡ aikr k k,s ¡ c >
is Dckr ¡ c >

ir Dcks

(64)

where bi kr s , aikr s , and aikr denoting the elements in the i th row and
in the kth column of the matrices B11

rs , A11
rs , and A11

r , respectively,
and cir is the i th column vector of C21

r . Writing Eq. (64) for all rows
r = 1, . . . , m and for all columns s = 1, . . . , m yields

Gi k =
é
êêë

bi k11 ¢ ¢ ¢ bik1m

...
. . .

...

bikm1 ¢ ¢ ¢ bikm m

ù úúû, & ( *
=: Bik

¡ `
é
êêë

ai k11 ¢ ¢ ¢ aik1m

...
. . .

...

aikm1 ¢ ¢ ¢ aikmm

ù úúû, & ( *
=: Aik

¡ æ
çè

k k ,1

...

k k,m

ö
÷ø, & ( *

=: fk

(ai k1 , . . . , aikm )
, & ( *

= : a >
ik

¡ aik f >
k ¡

é
êêë

c>
k1

...

c >
km

ù úúû, & ( *
C >

k

DCi ¡ C >
i DCk

(65)

Obviously, the matrices Gik are symmetric for all i 6= k 2
f 1, . . . , n g . Thus, the ® rst of the necessary conditionsof Theorem 3
does hold. Although Eq. (65) is related to Eq. (53) via hik = fk ¡ fi ,
neither the rank condition nor the suf® cient condition formulated
in Theorem 3 does necessarilyhold for any parameterization.Even
in the case of a linear parameterization of the matrix B, Eq. (65)
becomes

Gi k = ¡ C >
k DCi ¡ C >

i DCk (66)

which may be of rank m > 2 for some i 6= k, i, k 2 f 1, . . . , n g .
The suf® cient conditionformulatedin Theorem3 shouldbe checked
numerically rather than analytically. The analytical expression of
how the projector Nik acts on Gik is rather dif® cult. A better insight
can be achieved by translating the effect of Nik on Gr s rather than
on Gik . Of course, in the light of Eq. (53) the effect of Ni k on Gi k is
related to the effect of the projector Pik :

0 = NikGik Nik = Gi k ¡ Gi k Pik ¡ PikGik + PikGik Pi k (67)

Considering only the element in row r and in column s of Eq. (67)
and expanding this expression for all i 6= k 2 f 1, . . . , n g leads to

0 = (Grs )off ¡ H ¯ ([Ss; K 1
,r ]+ [Sr ; K 1

,s]+ H ¯ [[T ; K 1
,r]; K 1

,s])

(68)

where ¯ denotes the Hadamard product, which is the component-
wise product of two matrices having the same size,17 and

Sr :=
m

Ss = 1

[Gsr ; K 1
,s] (69)

T :=
m

Ss = 1

[K 1
,s ; Ss] (70)

(H )i k := [ m

Sr = 1

( k k ,r ¡ k i,r )
2]

¡ 1

(71)

This leads to the formulation of the following theorem.
Theorem 4: Equation (32) is consistent with the result given in

Eq. (33) if and only if

(Grs)off = H ¯ ([Ss; K 1
,r] + [Sr ; K 1

,s] + H ¯ [[T ; K 1
,r]; K 1

,s])

(72)

8 r, s = 1, . . . , m, where Sr , T , and H are de® ned in Eqs. (69±71).
Of course, Theorem 3 is equivalent to Theorem 4 but for a nu-

merical check either one of them may be used. Before a three-
dimensional example is presented (in the next section), the follow-
ing academicalexampleof a nonlinearparameterizationshows that,
though the partial derivatives of the eigenvalues exist, the partial
derivatives of the eigenvectors do not exist in general.

For the examplewith a nonlinearparameterization,let A = I2 and
de® ne B(q) with q 2 2 by

B(q) := I2 + [1 0

0 2] q1 + [ 0 ¡ q2

¡ q2 1 ] q2 (73)

which leads at q = 0 to eigenvalues k 1 = k 2 = 1. A briefcalculation
shows

C1 = B1 = B,1 = K , 1 = [1 0

0 2] (74)

C2 = B2 = B,2 = K , 2 = [0 0

0 1] (75)

Thus, due to Theorems 1 and 2, the partial derivativesof the eigen-
values exist. To check Theorem 3 or 4, one has to calculate the
following quantities:

B11 = B, 1,1 = 0 = Q11 (76)

B12 = B21 = B,1, 2 = 0 = Q12 = Q21 (77)

B22 = B,2,2 = Q22 = ¡ [0 2

2 0] (78)
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A brief calculationshows that Gik = 0 for all but one pair of indices
(i, k) = (1, 2), yielding

G12 = ¡ 2 [0 0

0 1] (79)

On the other hand,

h12 = ( k 2,1 ¡ k 1,1

k 2,2 ¡ k 1,2) = ( 1

1) (80)

and, therefore,

N12 = I2 ¡
1

2 [1 1

1 1] =
1

2 [ 1 ¡ 1

¡ 1 1 ] (81)

Finally, to check Theorem 3, one has to calculate

N12G12 N12 = ¡
1

2 [ 1 ¡ 1

¡ 1 1 ] [0 0

0 1] [ 1 ¡ 1

¡ 1 1 ] (82)

=
1

2 [ ¡ 1 1

¡ 1 1] 6= 0 (83)

Thus, the partialderivativesof the eigenvectorsdo not exist.A direct
calculation by using the diagonal [see Eq. (33)] without checking
the consistency would lead to the incorrect results

Z1 = 0 (84)

Z2 = [ 0 1

¡ 1 0] (85)

In the next section, a three-dimensional example is investigated
concerning permissible linear parameterizations.

IV. Example
To demonstrate the application of the theorems, the spring-mass

model depicted in Fig. 1, which corresponds to the example pre-
sented by Friswell,5 is used. The mass matrix

A = é
êë

1 0 0

0 4 0

0 0 1

ù úû
(86)

is assumed to be constant and the stiffness matrix is parameterized
by

B(q) = e1e >
1

, & ( *
=: B1

q1 + 8e2e>
2

, & ( *
=: B2

q2 + e3e >
3

, & ( *
=: B3

q3

+ 2(e1 ¡ e2)(e1 ¡ e2) >
, & ( *

=: B4

q4 + 2(e2 ¡ e3)(e2 ¡ e3) >
, & ( *

=: B5

q5

+ (e1 ¡ e3)(e1 ¡ e3) >
, & ( *

=: B6

q6 (87)

which corresponds (see Fig. 1) to

(k1 , k2, k3, k4 , k5, k6) = (q1 , 8q2, q3, 2q4 , 2q5, q6) (88)

Fig. 1 Simple discrete three-degree-of-freedom model.

Table 1 Generators of the symmetric dyads of Cr

C1 C2 C3 C4 C5 C6

a 0 ¡ a 2a 2a 2a
b ¡ 8b b 4b ¡ 4b 0
2c 8c 2c 2c ¡ 2c 0

Table 2 Upper off-diagonal elements of the
skew-symmetric commutators:

[C11
r ; C11

s ] 2 2 £ 2 for tuples (r, s) with r < s

(r, s) [C11
r ;C11

s ]/ab (r, s) [C11
r ;C11

s ]/ab

(1, 2) 32/3 (2, 6) 0
(1, 3) ¡ 1 (3, 4) 2
(1, 4) 10/3 (3, 5) ¡ 10/3
(1, 5) ¡ 2 (3, 6) 2
(1, 6) ¡ 2 (4, 5) 32/3
(2, 3) 32/3 (4, 6) ¡ 16
(2, 4) ¡ 256/3 (5, 6) 16
(2, 5) 256/3

At q = (0, 1, 0, 1, 1, 1) > , a repeated eigenvalue k 1 = k 2 = 4
occurs. The associated eigenvectors are

x1 = a ¢ (1, 0, ¡ 1) > , x2 = b ¢ (1, ¡ 1, 1) > (89)

The remaining eigenvalue is k 3 = 1 with the eigenvector

x3 = c ¢ (2, 1, 2) > (90)

The normalization constants are a := 1/ p 2, b := 1/ p 6, and c :=
1/ p 12. Because A does not depend on the parameters Cr = Br ,
and because all submatrices Br are symmetric generated by a single
vector, each Cr also is symmetric and generated by one vector only.
The generating vectors are listed in Table 1. For example,

C1 = (a, b, 2c) > (a, b, 2c) (91)

To check Theorems 1 and 2, the matrices C11
r 2 2 £ 2 have to

be calculated for all r = 1, . . . , 6. They are generated by the two-
dimensionalvectors containingthe ® rst two componentsof the gen-
erators listed in Table 1, for instance,

C11
1 = (a, b) > (a, b) (92)

Theorem 2 yields

rank
æ
çççè

é
êêêë

a2 0 a2 1 1 2

ab 0 ¡ ab 4ab ¡ 4ab 0

ab 0 ¡ ab 4ab ¡ 4ab 0

b2 8b2 b2 8b2 8b2 0

ù úúúû

ö
÷÷÷ø

= 4 > 2 = n

(93)

Thus, the partial derivatives of the eigenvalues will not exist for
the complete parameterization as de® ned by Eq. (87). To answer
the question of a permissible parameterization Theorem 1 has to
be checked. This requires the calculation of 15 commutators. The
resulting matrices are skew symmetric. The corresponding upper
off-diagonal elements are listed in Table 2 for all r < s. Of the six
matrices only the two corresponding to parameters q2 and q6 com-
mute. Thus, an orthogonal matrix H 2 2 £ 2 will only exist for the
parameterization

B(q1, q2) = 2 éêë
1 ¡ 1 0

¡ 1 2 ¡ 1

0 ¡ 1 1

ù úû
+ 8e2e>

2 q1 + (e1 ¡ e3)(e1 ¡ e3) > q2

(94)

where the parameters have been changed according to (q2 , q6) !
(q1, q2). Using thisnewparameterizationto calculatethe ® rstderiva-
tive of the eigenvalues from Eq. (13) at q1 = q2 = 0 it turned out
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that C11
r is alreadydiagonal, i.e., H = I2. The eigenvaluederivatives

are

@K

@q1
=

2

3
é
êë

0 0 0

0 2 0

0 0 1

ù úû
(95)

@K

@q2
= é
êë

2 0 0

0 0 0

0 0 0

ù úû
(96)

Becausethe inertiamatrix A doesnotdependon theparametersfrom
Eq. (8), it follows that Zr is skew symmetric and, thus, (Zr )i i = 0
for r = 1, 2 and for i = 1, . . . , N . Equations (20) and (21) lead to

(Zr )13 = 0 8 r = 1, 2 (97)

(Z1)23 = 8
3
bc (98)

(Z2)23 = 0 (99)

To determine the off-diagonal part of (Zr )12 , Eq. (32) can be used.
For the example considered here, Qr s and Ar are zero and Eq. (32)
is consistentwith the result

(Zr )12 = 0 8 r = 1, 2 (100)

The result X ,2 = X Z2 = 0 means that a ® rst-order approximation
change in the stiffness k6 do not affect the eigenvectors.

Using Eq. (31) to calculate the second derivatives of the eigen-
values this particular example leads to

( K ,r, s)ii = ([Cr ; Zs ])ii (101)

which yields

@2 K

@q2
1

=
16

27
é
êë

0 0 0

0 1 0

0 0 ¡ 1

ù úû
(102)

All other derivatives turned out to be zero.
To compare these results with those presented by Friswell,5 the

derivatives of the eigenvalues and eigenvectors with respect to pa-
rameter h will be calculated,where

q1 = 3
2
h ¡ 1

2
(103)

q2 = h (104)

At q1 = q2 = 1 , h = 1 the operators of the partial differentiation
are related via

@

@h =
3

2

@

@q1
+

@

@q2

(105)

@2

@h 2 =
9

4

@2

@q2
1

+ 3
@2

@q1@q2
+

@2

@q2
2

(106)

Using the ® rst operator equation together with Eqs. (95) and (96)
leads to

K ,h = é
êë

2 0 0

0 2 0

0 0 1

ù úû
(107)

From Eq. (102) the second operator equation yields

K ,h ,h =
4

3
é
êë

0 0 0

0 1 0

0 0 ¡ 1

ù úû
(108)

To calculate the derivatives of the eigenvectorswith respect to h at
h = 1, the operator in Eq. (105) leads to

X ,h =
3

2
X Z1 = é

êë
0 ¡ 2b/3 2c/3

0 ¡ b/ 3 ¡ 2c/ 3

0 ¡ 2b/3 2c/3

ù úû
(109)

The results given by Friswell5 match the results in Eqs. (107±109).

V. Conclusions
The existence of the derivatives of eigenvalues is investigated.

In the case of multiple eigenvalues, the partial derivatives do not
exist for any parameterization.Two conditions are deduced, which
enablea givenparameterizationto be testedto determineits permiss-
ability. For any continuouspermissibleparameterization,the partial
derivativesof the eigenvaluesand eigenvectorsare continuous, too.
The application of the theorems presented has been demonstrated
by examples. In preparation is a method to calculate the partial
derivatives of repeated eigenvalues independent of the existence of
eigenvectors.
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